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Steady convect ive non-Newtonian fluid flow and its s tabi l i ty  under s m a l l  per turbat ions  a r e  inves -  
t igated.  

We wish to analyze  the f ree  t h e r m a l  convection of a non-Newtonian fluid in an inf ini te-plane ve r t i ca l  
channel.  We use  the rheologica l  equation 

x~.~ = - -  6ij p + 11 (1 + al) n-1 hi;. (1) 

T rans i t i on  to  a Newtonian fluid takes  place as a -~ 0 or n - +  1. I n t h e  l imit  of la rge  a the Cstwald 
- -Dev i l l e  model  is obtained f rom (1). Unlike the power- law model ,  Eq.  (1) gives a finite initial v i scos i ty .  

It has been shown [1] that Eq. (1) welt  de sc r ibe s  the rheologica l  p roper t i e s  of po lymer  solutions in a 
definite concentra t ion in terva l .  The  authors  of [1] d iscuss  pseudoplast ic  media  with n - -  1 = - -m  < 0. 

We now invest igate  plane convect ive motion homogeneous along the z ax i s .  We place the coordinate  
axes so  that  the y axis is d i rec ted  upward along the center l ine  of the channel and the x axis is perpendicular  
to  the wal ls .  The wall  coordinates  a r e  x = ~h. The walls a r e  maintained at  constant t e m p e r a t u r e s  : T (--h) = 
00; T ( h ) = - - O  0. 

We adopt the following r e f e r e n c e  units : d is tance  h; t i m e  h2o/~; veloci ty  pgfl| t e m p e r a t u r e  O0; 
p r e s s u r e  pg~@0 h. The s y s t e m  of d imens ionless  f r ee -convec t ion  equations in project ions onto the x and y axes 
has the f o r m  

Ov~ + Ov~ ) Op [ OH 
Ov~ + Gr vx ---~-y] Ox Ox Ot -~x v~ = - - - -  + HAv~ + 2 - -  

oo. 
0---~ + G r  vx 0~-- ~ = - -  Oy + HAvu ~ Oy 

OT 
• G r v v T  = Pr-IAT: 

Ot 

av~ + aH /av~ av~)] 
; 

0% ) 0I"I Or. ] 
-I- Ox + 2 --~---y. Oy J + T; (3) 

(4) 

c)v~ ~ 0% ~0;  (5) 
Ox Oy 
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Fig. 1. Dimensionless velocity profiles in the teff half of the chan- 
nel c ross  sec t ion (a) for n = 0.8 (A) and n = 1.2 03), and distr ibution 
of apparent  viscosi ty  (b) for the same  vatues of n, 1) ~ = 0; 2) 10; 
3) 100; 4) 1000. 

Here Gr = p2gflO0h3/7/2 and ~ = 71/(XP) a r e  the Grashof and Prandtl  numbers defined with respec t  to the initial 
v iscos i ty  7- 

We find the velocity and tempera tu re  distributions for steady plane-paral le l  convective flow. We seek a 
solution of the sys t em (2}-(6) with the s t ruc tu re  

v x = 0; vg = vo(x); T =  To(x); P = Po(Y), (7) 

Taking account of (7), we obtain f rom the sy s t em 

dy = ~ x  dx + T o = A ;  dx 2 - - 0 ,  (8) 

where A is var iab le -separa t ion  constant .  The solution must sat isfy the boundary conditions and flow closure  
condition 

v o = 0 ;  To=-4- 1 at x : ~  1, (9) 
1 

~l v~ (x) dx = O. (1 O) 

F r o m  express ion (8) and the boundary conditions for T O we obtain the linear t empera tu re  profile 

T o = - -x .  (11) 

The flow c losure  conditions imply that A = 0, Then for the velocity we obtain the equation 

dx ~ dx J x. fl2) 

We solve Eq. (12) with the appropr ia te  boundary conditions by an i terattve procedure .  We take as the initial 
approximation the solution obtained for this problem in the case  of a power-law theological  model [2]. 

F igure  1A gives the dimensionless velocity profiles for n = 0.8 and various values of a in one half of the 
channel c ross  sect ion,  For  a = 0 we ha~-e the famiI iar  velocity profiie for Newtonian flow I3], Also given in 
this figure a r e  the distributions of the "apparent v iscosi ty"  H 0 for the same  values of the parameter  a .  As the 
latter is increased  the average  viscos i ty  in the layer dec rea se s .  Consequently, the flow intensity increases ,  
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Fig. 2. Lower  par ts  of s tabi l i ty  neut ra l  curves  : Grl /2  ve r sus  d imen-  
s ionless  wave number  k for  l>r = 1. 1) n =0 .7 ,  a = 100; 2) 0.7, 10; 3) 
0.7, 1; 4) a = 0 ,  a r b i t r a r y  n; 5) n = 1 ~ 2 ,  a = 1 ;  6) 1.2, 10; 7) 1.2, 100. 

Fig .  3. Cr i t ica l  Grashof  number  Gr*  ve r sus  d imens ion less  p a r a m e t e r  
a,  both va r iab les  in logar i thmic sca l e ,  for  l>r = 1. 1) n = 0.6; 2) 0.7; 3) 
0.8; 4) 0.9; 5) 1.1; 6) 1.2; 7) 1.6. 

On the other hand, the nonuniformity of the v i scos i ty  dis t r ibuted is heightened. With increas ing  a a s h a r p  
max imum occurs  at the point cor responding  to  m a x i m u m  veloci ty;  in the case  of the power - law model  (a -* 
~o) a well-known s ingular i ty  occurs  at this point.  

The  analogous dis t r ibut ions for the dilatant case  n = 1.2 a r e  given in Fig .  l B .  Here ,  by con t ras t ,  the 
a v e r a g e  v i scos i ty  in the layer  inc reases  with increas ing  a ,  and the intensity of the mot ion subs ides .  

We a l so  ana lyze  the s tabi l i ty  of the resul t ing s ta t ionary  flow under s m a l l  per turbat ions  : ~ =  v-~ + v ' ;  p = 
P0 + P';  T = T 0 + T ' .  The pr imed var iab les  denote s m a l l  pe r tu rba t ions .  The  va r iab les  a r e  subst i tuted in this 
f o r m  into the s y s t e m  (2)-(6). Then the equations a r e  l inear ized with r e s p e c t  to  the s m a l l  pe r tu rba t ions .  We 

' = --a~b/3y; ' = ar  We consider  no rma l  per turbat ions  of the  f o r m  introduce the s t r e a m  function v x Vy 

= @ (x) exp (iky -- M); T' = 0 (x) exp (iky -- ~t). (13) 

Here  �9 and O a r e  ampl i tudes ,  k is the wave number ,  and s is the complex decay r a t e  (;t = ~ r  + i~i) .  Sub- 
st i tuting (13) into the s y s t e m  of per tu rba t ion  equations,  we obtain for  the ampl i tude equations 

dr~ ) MO" k2@) Grvoik(O" k2O)+Grv'~ikO-4-(A"-' + a ( n - - 1 )  A"-~I ~ (oxV4-k40) 

2 (An-'--a(n- l) A"-21 dV~ ] ) I~@" + 2Rk~' -4- 2(L q- R)q~" -4" - ~  (L -4- R)(k~P 4- 0")"4- 0 ' =  0; (14) 

Pr-a(O" k20) + ~0 ikGr(voO CTo) = 0. (15) 

Here  we use  the notation A ~-- 1 + a --dx-}:dv~ R=~ (n-- 1) d~(An-Z) t--~-x ] ' I  dvo . L--- 2 ~d (A"-'). The p r i m e  indicates 

different ia t ion with r e s pec t  to  x. The  following boundary conditions hold at r ig id ,  per fec t ly  heat-conduct ing 
channel walls : 

0 = 0 ' = 0 = 0  a~ x = - + - l .  ( 1 6 )  

T o  de t e rmine  the behavior  of the per turba t ions  we need to  inves t igate  the s p e c t r u m  of eigenvalues of the  
boundary-va lue  p rob lem.  The  s y s t e m  (14)-(15) with the boundary conditions (16) is ir~egrated by the  Runge 
- -  Kutta - - M e r s o n  method with or thogonal izat ion in each in tegra t ion s t ep .  The  detai ls  of this method a r e  given 
in [41. 
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An invest igat ion of the analogous p rob lem for  a Newtonian fluid [3] has revea led  two instabil i ty m e c h -  
an i sms  : hydrodynamic  and t h e r m a l .  It is shown that  the  t h e r m a l  instabi l i ty  a r i s e s  and presen ts  the g r ea t e s t  
r i s k  for  l a rge  values of the  Prandt l  number ;  a l so ,  it has a wave na tu re .  The  object ive of the presen t  study 
is to i so la te  only the hydrodynamic  instabi l i ty  b ranch  for  mode ra t e  values of the  Prandt l  number .  Points of 
monotonic instabi l i ty along the neut ra l  cu rve  cor respond  to  values of k r = hi = 0. 

. F igure  2 shows the neut ra l  curves  for  P r  = 1, n = 0.7 and n = 1.2, and various values of the p a r a m e t e r  
a .  I n t h e  case  of pseudoplas t ie  flow (n = 0.7) the  natura l  cu rve  drops  lower as ~ is inc reased ,  i . e . ,  d e s t a -  
b i l izat ion takes  p lace .  In addition, the  neut ra l  cu rve  changes shape,  becoming f la t ter  in the lower pa r t .  The 
c r i t i ca l  wave number  does not shift  apprec iab ly ;  its value r ema ins  around 1.3 or 1A.  

In the case  of a di latant  fluid (n = 1.2), on the other hand, the c r i t i ca l  Grashof  number  inc reases  with 
the  value of a .  

The  min imum Grashof  number  Gr * de t e rmines  the s tabi l i ty  threshold  of s teady  p lane -pa ra l l e l  flow, and 
its co r responding  wave number  de t e rmines  the wavelength of the mos t  dangerous per tu rba t ions .  Curves  of 
Gr * as a function of the p a r a m e t e r  a for  var ious  values of n a r e  given in logar i thmic sca l e  in Fig.  3. As the 
curves  indicate,  increas ing  a causes  Gr*  to d e c r e a s e  for  n < 1 and to  i nc r ea se  for  n > 1. As a -~ 0 t h e  value 
of Gr*  tends to  495 for  any value of n, i . e . ,  to  the s tabi l i ty  threshold  for  Newtonian fluid flow. With an in-  
c r e a s e  in a the G r *  (E) curves  depar t  f r o m  a log- l inear  dependence,  i . e . ,  the  re la t ionship  between Gr*  and 

goes over  to  a power law: Gr*  ~ [,m. For  0.8 - n - 1 the  following asympto t i c  law holds: Gr*  ~ ~2(n- i )  

As mentioned above,  for  l a rge  values of ~ the t r ans i t ion  eventually takes place to the  power- law model .  
In this case  the Grashof  number  Gref  defined with r e s p e c t  to the  "effect ive"  v i scos i ty  (see [6]) is the mos t  in-  
d ica t ive  c r i t e r i on .  The  re la t ionsh ip  between Gref  and the Grashof  number  Gr defined with r e s p e c t  to  the ini-  
t i a l  v i scos i ty  is as fol lows: Gre f  = (24a)2Gr, where  ~(n, a) is the a v e r a g e  d imens ion less  veloci ty  over  half 
the  channel c ros s  sec t ion .  A recomputa t ion  of the c r i t i ca l  values of Gre f  f r o m  the data of Fig .  3 yields for 
l a rge  a r e su l t s  that  a r e  cons is tent  with those  obtained ea r l i e r  [6] for the power- law model  in the  e f fec t ive-  
v i scos i ty  approx imat ion .  

The  author  is indebted to G. Z. Gershuni  for  gene ra l  in te res t  and d iscuss ion .  

NOTATION 

r i j ,  eij ,  i n t e r n a l - s t r e s s  and s t r a i n - r a t e  t e n s o r s ;  77, cons is tency and init ial  v i scos i ty ;  a ,  p a r a m e t e r  of 
theo log ica l  equation; n, theo log ica l  power exponent; h, half-width of channel; | wall t e m p e r a t u r e ;  p, fluid 
densi ty;  g, f r e e - f a l l  acce le ra t ion ;  fl, t e m p e r a t u r e  coefficient of volume expansion; X, t h e r m a l  diffusivity;  
v-', veloci ty  vec tor ;  T ,  t e m p e r a t u r e ;  t ,  t ime ;  Gr ,  Grashof  number ;  Pr ,  Prandt l  number ;  ~, s t r e a m  function; 
k, wave number ;  k,  complex  decay r a t e ;  ~, ampli tude of s t r e a m  function; | t e m p e r a t u r e  per turba t ion  a m -  
plitude function; a ,  d imens ion less  counte rpar t  of rheologica[  p a r a m e t e r  a;  P, p r e s s u r e .  
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